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Abstract
In this paper, we consider the ﬁnite volume element method based on the Crouzeix–Raviart element and prove the existence,
uniqueness and uniform convergence of the ﬁnite volume element approximations for the non-self-adjoint and indeﬁnite elliptic
problems under minimal elliptic regularity assumption.
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1. Introduction
The ﬁnite volume element method (FVEM) is popular in computational ﬂuid mechanics due to its conservation prop-
erty of the original problems. In recent years, many researchers have analyzed the FVEM and obtained some important
results. We refer the reader to the monograph [16] for the general presentation of the FVEM and [1–6,11–14,17,18,21]
and the reference therein for details.
Based on the Crouzeix–Raviart element which was introduced by Crouzeix and Raviart in [10], Chatzipantelidis [5]
considered the FVEM for the elliptic boundary value problems in 2-D and obtained the optimal order error estimates in
the L2- norm and a mesh dependent H 1- norm. In [6], Chatzipantelidis considered a new formulation for the FVEM,
analyzed piecewise linear conforming or nonconforming approximations on nonuniform triangulations and proved the
optimal order H 1-norm and L2-norm error estimates. Chatzipantelidis also considered the overlapping FVEM in [6].
Ewing et al. [11] considered the accuracy of the FVEM in the continuous piecewise linear ﬁnite element spaces and
revealed that the regularities in both exact solution and the source term can affect the accuracy of the FVEM. In [11],
authors also established the uniform convergence of the ﬁnite volume element approximations for the self-adjoint and
deﬁnite second-order elliptic problems.
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Recently, based on the continuous piecewise linear ﬁnite element spaces,Mishev [17] obtained the existence, unique-
ness and error estimates of the ﬁnite volume element approximations for the non-self-adjoint and indeﬁnite elliptic
problems by using high regularity or high smoothness assumption.
As early as in 1970s, Schatz [19] obtained the existence, uniqueness and error estimate of the solutions of conforming
ﬁnite element method for the non-self-adjoint and indeﬁnite second-order elliptic problems underH 2 elliptic regularity
assumption. Schatz and Wang [20] obtained the uniform convergence of conforming ﬁnite element methods for the
non-self-adjoint and indeﬁnite elliptic problems under minimal elliptic regularity assumption. Chen and Li [7,8] got
the existence, uniqueness and uniform convergence for the nonconforming and mixed element methods, projection
nonconforming andmixed elementmethods, for the non-self-adjoint and indeﬁnite second-order elliptic problems under
minimal regularity assumption. Recently, Li and Chen [15] obtained the uniform convergence and preconditioning for
mortar mixed element methods for the non-self-adjoint and indeﬁnite problems.
To the best of the authors’knowledge, the uniform convergence of the nonconforming FVEM for the non-self-adjoint
and indeﬁnite elliptic problems has not been studied before.
In this paper, we consider the FVEM which is based on the Crouzeix–Raviart element (P1 nonconforming element)
for the non-self-adjoint and indeﬁnite second-order elliptic problems, and obtain the existence, uniqueness and uniform
convergence of the ﬁnite volume element approximations under minimal elliptic regularity assumption.
The remainder of this paper is organized as follows. In Section 2 we introduce notation, construct a triangulation
Th of  and give the dual partition ofTh. In Section 3, we consider the FVEM for the non-self-adjoint and indeﬁnite
problems, prove the existence and uniqueness of the solution of the ﬁnite volume element approximations, and get
some lemmas which will be used in later convergence proof. In Section 4, we get the uniform convergence of the ﬁnite
volume element approximations for non-self-adjoint and indeﬁnite problems.
In this paper, the notation of Sobolev spaces and associated norms are the same as those in Ciarlet [9], and C (with or
without subscripts) will denote a generic positive constant independent of the mesh parameter h and may be different
at different occurrences.
2. Notation and preliminaries
In this paper, we consider the following elliptic problem on a bounded polygonal domain  ⊂ R2:{−∇ · (A(x)∇u) + b(x) · ∇u + c(x)u = f in ,
u = 0 on . (2.1)
Weassume thatA=(aij (x))2i,j=1 is a symmetric anduniformlypositive deﬁnitematrix in,aij ∈ W 1,∞(), 1 i, j2,
b(x) ∈ (W 1,∞())2, c(x) ∈ L∞().
For the polygonal domain , we consider a regular triangulationTh consisting of closed triangle element K such
that =⋃K∈ThK . We use the standard symbols
hK = diam(K), h = max
K∈Th
hK .
Deﬁne CR nodal points as the midpoints of the edges of elements inTh. The sets of CR nodal points belonging to
 and  are denoted by CR and CR, respectively.
The Crouzeix–Raviart (P1 nonconforming) ﬁnite element space is deﬁned as follows:
Sh = {v ∈ L2() : v|K is linear for all K ∈Th, v is continuous at
CR\CR and v = 0 at CR}.
We also introduce for all v ∈ Sh the norm and the semi-norm:
‖v‖1,h =
⎛⎝ ∑
K∈Th
‖v‖2
H 1(K)
⎞⎠1/2, |v|1,h =
⎛⎝ ∑
K∈Th
|v|2
H 1(K)
⎞⎠1/2
.
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Fig. 1. A control volume be corresponding to side e.
In order to simplify notation, we skip the subscript in normwhenever possible, i.e., wewill use ‖u‖s=‖u‖s,,∀u ∈
Hs().
For the sake of later analysis, for any vh,h ∈ Sh, we introduce the bilinear form associated with the ﬁnite element
method,
a(vh,h) = a(2)(vh,h) + a(1)(vh,h) + a(0)(vh,h),
a(2)(vh,h) =
∑
K∈Th
∫
K
A∇vh · ∇h dx,
a(1)(vh,h) =
∑
K∈Th
∫
K
b · ∇vhh dx; a(0)(vh,h) =
∫

cvhh dx.
The weak form of the problem (2.1) is: ﬁnd u ∈ H 10 () satisfying
a(u, v) = (f, v) ∀v ∈ H 10 (). (2.2)
We assume that for any given f ∈ L2(), the problem (2.2) has a unique solution u ∈ H 10 () such that ‖u‖1C‖f ‖0.
The duality problem of the problem (2.2) is: ﬁnd  ∈ H 10 () satisfying
a(v,) = (g, v) ∀v ∈ H 10 (). (2.3)
We also assume that for any given g ∈ L2(), the problem (2.3) has a unique solution  ∈ H 10 () such that‖‖1C‖g‖0.
As an auxiliary tool, we introduce the standard linear conforming ﬁnite element space Wh ⊂ H 10 () deﬁned onTh:
Wh = {vh ∈ C() : vh|K is linear for all K ∈Th, and vh| = 0}.
Obviously, Wh ⊂ Sh.
Given a triangle K ∈Th, we denote the set of the sides of K by E(K) and Eh =⋃K∈ThE(K). Let Einh be the set
of the interior sides of the triangulationTh. Let me denote the middle point of a side e ∈ Eh.
In order to give the description of the FVEM, we construct a dual partitionT∗h based on the original triangulation
Th in the same way as that in [5]. For each e ∈ Einh , we build a corresponding control volume be as follows. Choose
any interior point zK of K ∈ Th and connect it with three vertices of the element K . Then, we partition K into three
subtriangles, Ke, e ∈ E(K). We denote the ﬁner triangulation by T˜h. With each side e ∈ Einh , we construct a control
volume be consisting of the two subtriangles of T˜h which have e as a common edge. Moreover, we also associate a
corresponding (boundary) control volume be with each side e ∈ Eh\Einh . Thus, we ﬁnally obtain a group of control
volume covering the domain , which is called the dual partitionT∗h of the original triangulationTh (see Fig. 1).
We introduce the dual volume element space S∗h:
S∗h = {v ∈ L2() : v|be is constant for all be ∈T∗h, and v| = 0}.
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Obviously, S∗h = span{be ,∀e ∈ Einh }, where be is the characteristic function of the control volume be. We deﬁne the
constant interpolation operator I ∗h : Sh → S∗h , i.e.,
I ∗hh =
∑
e∈Einh
h(me)be (x) ∀h ∈ Sh.
For any h ∈ Sh, it is easy to see that
‖h − I ∗hh‖0Ch‖h‖1,h. (2.4)
In this paper, the choice of zK is irrelevant to the uniform convergence of the solutions of the FVEM in H 1 norm.
3. Finite volume element method
We formulate the FVEM for the problem (2.1) as follows. Consider a side e ∈ Einh , integrating (2.1) over the
associated control volume be and using Green’s formula, we obtain
−
∫
be
(A∇u) · n ds +
∫
be
b · ∇u dx +
∫
be
cu dx =
∫
be
f dx, (3.1)
where n is the outer-normal vector of the involved integration domain.
The FVEM based on the Crouzeix–Raviart element for the problem (2.1) is: ﬁnd uh ∈ Sh such that
a(uh, I
∗
hh) = (f, I ∗hh) ∀h ∈ Sh, (3.2)
where the bilinear form a(vh, I ∗hh) is deﬁned as follows: for any vh,h ∈ Sh,
a(vh, I
∗
hh) = a(2)(vh, I ∗hh) + a(1)(vh, I ∗hh) + a(0)(vh, I ∗hh),
a(2)(vh, I
∗
hh) = −
∑
e∈Einh
h(me)
∫
be
A∇vh · n ds,
a(1)(vh, I
∗
hh) =
∑
e∈Einh
h(me)
∫
be
b · ∇vh ds,
a(0)(vh, I
∗
hh) =
∑
e∈Einh
h(me)vh(me)
∫
be
c dx.
Note that the bilinear forms a(i)(·, ·), i=0, 1, 2 and a(·, ·) have different deﬁnition formulas according to the function
spaces involved. We hope that this will not lead to serious confusion, while it simpliﬁes the notation and the overall
exposition of the material.
Remark. We note that the discrete forms of the reaction term cu in the FVEM which is proposed here are different
from those in the continuous problem (3.1). As in [1,5], we discretize the reaction term by means of a diagonal matrix.
As a auxiliary tool, we introduce the following bilinear forms:
a(2)c (vh,h) =
∑
K∈Th
∫
K
A¯∇vh · ∇h dx ∀vh,h ∈ Sh;
a(2)c (vh, I
∗
hh) = −
∑
e∈Einh
h(me)
∫
be
A¯∇vh · n ds ∀vh,h ∈ Sh,
where A¯ = (a¯ij )2i,j=1 is a symmetric real-valued constant matrix.
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The following Lemma 3.1 is proved in [5] in the case of the Poisson equation. A careful reading of Lemmas 3.1 and
3.2 in [5] reveals that the following lemma also holds for the Poisson equation with constant coefﬁcient.
Lemma 3.1. For any vh,h ∈ Sh, we have
a(2)c (vh,h) = a(2)c (vh, I ∗hh) ∀vh,h ∈ Sh. (3.3)
By the scaling argument, we can prove the following Lemma 3.2.
Lemma 3.2. There exists a constant C independent of h such that
C−1|vh|21,h
∑
K∈Th
∑
e,l∈E(K)
(vh(me) − vh(ml))2C|vh|21,h ∀vh ∈ Sh.
Lemma 3.3 (see Chatzipantelidis [5]). There exists a constant C independent of h such that, for every v ∈ L2() such
that v|K ∈ H 1(K) for every K ∈Th∫
K
v2 dsC(h−1K ‖v‖20,K + hK |v|21,K) ∀K ∈Th. (3.4)
Next, we compare a(i)(vh,h) and a(i)(vh, I ∗hh), i = 0, 1, 2. For simplicity, we set E(i) = a(i)(vh,h) −
a(i)(vh, I
∗
hh), i = 0, 1, 2.
Lemma 3.4. Let vh,h ∈ Sh. Then
|a(2)(vh,h) − a(2)(vh, I ∗hh)|Ch|vh|1,h|h|1,h. (3.5)
Proof. From Lemma 3.1, we rewrite a(2)(vh,h) − a(2)(vh, I ∗hh) as follows:
E(2) =
∑
e∈Einh
h(me)
∫
be
(A − A¯)∇vh · n ds +
∑
K∈Th
∫
K
(A − A¯)∇vh · ∇h dx
= R1 + R2. (3.6)
Let Vh = {v : v|K = constant,∀K ∈Th} and let A¯ be the L2 orthogonal projection of A(x) onto (Vh)4, i.e.,
a¯ij |K = 1
meas(K)
∫
K
aij (x) dx, 1 i, j2 ∀K ∈Th.
From the deﬁnition of A¯, we have
|aij |K − a¯ij |K |ChK‖aij‖1,∞,K . (3.7)
From the Cauchy–Schwarz inequality, Lemmas 3.2 and 3.3, we obtain
|R1| =
∣∣∣∣∣∣
∑
K∈Th
∑
e,l∈E(K)
(h(me) − h(ml))
∫
be∩bl
(A − A¯)∇vh · ne ds
∣∣∣∣∣∣
Ch|vh|1,h|h|1,h. (3.8)
The estimation of the second-term of the right side of (3.6) is easy,
|R2|
∑
K∈Th
2∑
i,j=1
∫
K
|aij − a¯ij‖ivh‖jh| dxCh|vh|1,h|h|1,h. (3.9)
Combining (3.6), (3.8) with (3.9) yields the desired result. 
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Lemma 3.5. For any vh,h ∈ Sh, we have
|a(1)(vh,h) − a(1)(vh, I ∗hh)|Ch‖vh‖1,h‖h‖1,h. (3.10)
Proof. From the Cauchy–Schwarz inequality and (2.4), we have
|a(1)(vh,h) − a(1)(vh, I ∗hh)| =
∣∣∣∣∣∣
∑
K∈Th
∫
K
b · ∇vh(h − I ∗hh) dx
∣∣∣∣∣∣
Ch‖vh‖1,h‖h‖1,h.  (3.11)
Lemma 3.6. For any vh,h ∈ Sh, we have
|a(0)(vh,h) − a(0)(vh, I ∗hh)|Ch‖vh‖1,h‖h‖1,h. (3.12)
Proof. From the triangle inequality the Cauchy–Schwarz inequality, we have
|E(0)| =
∣∣∣∣∣∣∣
∑
e∈Einh
∫
be
c(vhh − v(me)h(me)) dx
∣∣∣∣∣∣∣
C
∑
e∈Einh
∫
be
(|(vh − vh(me))h| + |vh(me)(h − h(me))|) dx
Ch
∑
e∈Einh
(|vh|1,be |h|0,be + |vh|0,be |h|1,be )
Ch‖vh‖1,h‖h‖1,h. 
From, Lemmas 3.4 to 3.6, we easily get the following Lemma 3.7.
Lemma 3.7. For any vh,h ∈ Sh, we have
a(vh, I
∗
hh) = a(vh,h) + dh(vh,h). (3.13)
Moreover, there exists a constant C independent of h, such that
|dh(vh,h)|Ch‖vh‖1,h‖h‖1,h.
From Lemma 3.7, we easily get
Lemma 3.8. Assume that uh is the solution of (3.2), we have
a(uh,h) = (f, I ∗hh) − dh(uh,h) ∀h ∈ Sh. (3.14)
The following Lemmas 3.9, 3.10 and 3.11 are given in [7].
Lemma 3.9. For any vh ∈ Sh, we have
C1‖vh‖21,h − C0‖vh‖20a(vh, vh).
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Lemma 3.10. For any given > 0, we can ﬁnd an h0 > 0, such that if hh0, we have
sup
h∈Sh
|a(u,h) − (f,h)|
‖h‖1,h ‖f ‖0 ∀f ∈ L
2(),
where u ∈ H 10 () is the solution of (2.2).
Lemma 3.11. For any given > 0, we can ﬁnd an h0 > 0, such that if hh0, we have
sup
h∈Sh
|a(h,) − (g,h)|
‖h‖1,h ‖g‖0 ∀g ∈ L
2(),
where  ∈ H 10 () is the solution of (2.3).
The following Lemma 3.12 is given in Schatz and Wang [20].
Lemma 3.12. For any f ∈ L2() and g ∈ L2(), u ∈ H 10 () and  ∈ H 10 () be the solutions of (2.2) and (2.3),
respectively. Then for any > 0, there is an h0 > 0, such that for hh0, we have
inf
vh∈Wh
‖u − vh‖1‖f ‖0, inf
vh∈Wh
‖− vh‖1‖g‖0.
Theorem 3.13. For sufﬁciently small h, the problem (3.2) has a unique solution uh ∈ Sh.
Proof. Since the linear problem (3.2) is of ﬁnite dimension, we only need to prove that the homogeneous equation of
the problem (3.2) has a unique solution zero for sufﬁciently small h. Let uh ∈ Sh satisfy
a(uh, I
∗
hh) = 0 ∀h ∈ Sh. (3.15)
From (3.15) and Lemma 3.7, we obtain
a(uh,h) = −dh(uh,h) ∀h ∈ Sh. (3.16)
For any g ∈ L2() and any sh ∈ Wh ⊂ Sh, using the continuity of the bilinear form a(·, ·), (3.16) and Lemma 3.7,
we get
(g, uh) = a(uh,− sh) + a(uh, sh) + (g, uh) − a(uh,)
C‖uh‖1,h‖− sh‖1 + |dh(uh, sh)| + ‖uh‖1,h sup
h∈Sh
|a(h,) − (g,h)|
‖h‖1,h
C‖uh‖1,h‖− sh‖1 + Ch‖uh‖1,h‖sh‖1 + ‖uh‖1,h sup
h∈Sh
|a(h,) − (g,h)|
‖h‖1,h
C‖uh‖1,h‖− sh‖1 + Ch‖uh‖1,h‖g‖0 + ‖uh‖1,h sup
h∈Sh
|a(h,) − (g,h)|
‖h‖1,h ,
where ‖sh‖1‖− sh‖1 + ‖‖1 and ‖‖1C‖g‖0 are used.
Since above inequality holds for any sh ∈ Wh, by using Lemmas 3.11 and 3.12, we get that for any > 0, there is an
h0 > 0, such that for hh0,
(g, uh)C(‖uh‖1,h inf
sh∈Wh
‖− sh‖1 + ‖uh‖1,h‖g‖0 + h‖uh‖1,h‖g‖0)
C(h + )‖uh‖1,h‖g‖0. (3.17)
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Then, we have
‖uh‖0C(h + )‖uh‖1,h. (3.18)
From Lemmas 3.9, 3.7, (3.16) and (3.18), we obtain
C1‖uh‖21,hC0‖uh‖20 + a(uh, uh)C(h + )2‖uh‖21,h + |dh(uh, uh)|
C(h + 2)‖uh‖21,h. (3.19)
From this we know that uh = 0 for sufﬁciently small h, i.e., the homogeneous equation of problem (3.2) has a unique
solution zero for sufﬁciently small h. 
4. Uniform convergence for u in H 10 ()
In many applications, the exact solution u of (2.1) may be in the space H 10 (), but not in H 1+(), for any > 0.
In this case, the study of the uniform convergence of the ﬁnite volume element approximation is important.
In order to get the uniform convergence of the ﬁnite volume element approximation in H 1 norm, we ﬁrst estimate
‖u − uh‖0 using an Aubin–Nitsche-type dual argument.
Lemma 4.1. Assume that u ∈ H 10 () and uh ∈ Sh are the solutions of (2.2) and (3.2), respectively. Then, for any
given > 0, we can ﬁnd an h0 > 0, such that if hh0, we have
‖u − uh‖0‖u − uh‖1,h + ‖f ‖0. (4.1)
Proof. In the following, we will use the Aubin–Nitsche argument to estimate ‖u − uh‖0. For this purpose, as an
auxiliary tool, we consider the dual problem: Find  ∈ H 10 () such that
a(v,) = (v, u − uh) ∀v ∈ H 10 (). (4.2)
From (4.2), for any s1h, s2h ∈ Wh, we obtain
(u − uh, u − uh) = a(u,) − (u − uh, uh)
= a(u − uh,− s1h) + a(u − uh, s1h)
+ (a(uh − s2h,) − (u − uh, uh − s2h))
C‖u − uh‖1,h‖− s1h‖1 + a(u − uh, s1h)
+ ‖uh − s2h‖1,h sup
h∈Wh
|a(h,) − (u − uh,h)|
‖h‖1,h . (4.3)
From Lemmas 3.8 and 3.7, the triangle inequality and ‖u‖1C‖f ‖0, we obtain
a(u − uh, s1h) = (f, s1h − I ∗h s1h) + dh(uh, s1h)
Ch‖f ‖0‖s1h‖1 + Ch‖uh‖1,h‖s1h‖1
Ch‖f ‖0‖s1h‖1 + Ch‖u‖1‖s1h‖1 + Ch‖u − uh‖1,h‖s1h‖1
Ch(‖f ‖0 + ‖u − uh‖1,h)(‖− s1h‖1 + ‖‖1). (4.4)
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From Lemma 3.11, for any given > 0, there exists an h1 such that for all hh1,
‖u − uh‖20C‖u − uh‖1,h inf
s1h∈Wh
‖− s1h‖1 + C‖u − uh‖0 inf
s2h∈Wh
‖uh − s2h‖1,h
+ Ch(‖f ‖0 + ‖u − uh‖1,h)
(
inf
s1h∈Wh
‖− s1h‖1 + ‖‖1
)
. (4.5)
By using Lemma 3.12, we have
inf
s1h∈Wh
‖− s1h‖1‖u − uh‖0. (4.6)
From the triangle inequality and Lemma 3.12, we get
inf
s2h∈Wh
‖uh − s2h‖1,h‖u − uh‖1,h + inf
s2h∈Wh
‖u − s2h‖1‖u − uh‖1,h + ‖f ‖0. (4.7)
From (4.5) to (4.7) and the inequality ‖‖1C‖u − uh‖0, we obtain
‖u − uh‖20C(h + )(‖u − uh‖1,h + ‖f ‖0)‖u − uh‖0. (4.8)
Therefore, we can ﬁnd an h0 > 0, such that if hh0, the desired result (4.1) holds. 
By means of the method similar to Theorem 4.2.2 in [9], we can obtain the abstract error estimate for the ﬁnite
volume element solution of the non-self-adjoint and indeﬁnite second-order elliptic problems.
Lemma 4.2. Assume that u and uh are the solutions of (2.2) and (3.2), respectively. Then we have
‖u − uh‖1,hC‖u − uh‖0 + C inf
vh∈Sh
‖u − vh‖1,h + sup
h∈Sh
|a(u,h) − (f,h)|
‖h‖1,h + Ch‖f ‖0.
Proof. For any vh ∈ Sh, from Lemmas 3.9 and 3.7, we have
C1‖uh − vh‖21,ha(uh − vh, uh − vh) + C0‖uh − vh‖20
= a(u − vh, uh − vh) − a(u, uh − vh) + a(uh, uh − vh) + C0‖uh − vh‖20
= a(u − vh, uh − vh) + C0‖uh − vh‖20 − a(u, uh − vh)
+ a(uh, I ∗h (uh − vh)) − dh(uh, uh − vh)
a(u − vh, uh − vh) + C0‖uh − vh‖20 − a(u, uh − vh)
+ (f, I ∗h (uh − vh)) + Ch‖uh‖1,h‖uh − vh‖1,h
= a(u − vh, uh − vh) + C0‖uh − vh‖20 − a(u, uh − vh) + (f, uh − vh)
+ (f, I ∗h (uh − vh) − (uh − vh)) + Ch‖uh‖1,h‖uh − vh‖1,h
a(u − vh, uh − vh) + C0‖uh − vh‖20 − a(u, uh − vh) + (f, uh − vh)
+ Ch‖f ‖0‖uh − vh‖1,h + Ch‖uh‖1,h‖uh − vh‖1,h,
from which we deduce
C1‖uh − vh‖1,hC‖u − vh‖1,h + C0‖uh − vh‖0
+ sup
h∈Sh
|a(u,h) − (f,h)|
‖h‖1,h + Ch‖f ‖0 + Ch‖uh‖1,h.
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The desired result follows from the above inequality and the following inequalities:
‖u − uh‖1,h‖u − vh‖1,h + ‖uh − vh‖1,h,
‖uh − vh‖0‖u − uh‖0 + ‖u − vh‖0,
‖uh‖1,h‖u − uh‖1,h + ‖u‖1‖u − uh‖1,h + C‖f ‖0. 
Theorem 4.3. Assume that u ∈ H 10 () and uh ∈ Sh are the solutions of (2.2) and (3.2), respectively. Then for
sufﬁciently small > 0, there exists an h0 = h0()> 0 such that for all 0<hh0, the following holds:
‖u − uh‖1,h‖f ‖0. (4.9)
Proof. We note that
inf
vh∈Sh
‖u − vh‖1,h inf
vh∈Wh
‖u − vh‖1.
Then, the desired result is obtained from Lemmas 3.10, 3.12. 4.1 and 4.2. 
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